A new generator of univariate continuous distributions, with two additional parameters, called the Log-Lindley generated family is introduced. Some special distributions in the new family are presented. Some mathematical properties of the new family are studied. The maximum likelihood method to estimate model parameters is employed. The potentiality of the new generator is illustrated using a real data set.
Introduction
In recent years, several authors have proposed various methods for generating new families of univariate continuous distributions, by adding one or more shape parameters to the baseline distribution, in order to obtain more flexibility for modeling different types of data sets. For example, Eugene et al. (2002) proposed the beta generated (G) family of distributions, Cordeiro and de Castro (2011) proposed the Kumaraswamy-G family, Alexander et al. In this paper, we propose a new family of distributions based on the LogLindley distribution. This distribution, with bounded domain, introduced by Gomez-Deniz et al. (2014) as an alternative to the beta distribution. They studied the most important properties and gave some nice applications of this model to insurance and inventory management. The log-lindley distribution is a flexible and simple model obtained by a logarithmic transformation of the generalized Lindey random variable defined in Zakerzadeh and Dolati (2009).
The probability density function (pdf) and cumulative distribution function (cdf) are respectively given by
and
for 0 < x < 1, a > 0 and b ≥ 0.
Motivated by the pioneering work of Cordeiro and de Castro (2011), we define the Log-Lindley ("LL for short") generator with two extra positive parameters a and b by the following cdf
where G(x, θ) is the continuous baseline cdf depending on a parameter vector θ. Then, for an arbitrary parent cdf G(x), the LL-G family is defined by the cdf (1). The LL generator has the same parameters of the baseline G distribution plus two additional parameters a and b. The density function corresponding to LL-G distribution is
where g (x, θ) is the baseline pdf. Hereafter, a random variable X with pdf (2) will be denoted by X ∼LL-G(a, b, θ). Further, we can omit the dependence on the vector θ of the parameters and write simply G(x) = G(x, θ). The hazard rate function of X is given by
.
The quantile function of the LL-G distribution is obtained, by inverting (1), as
where Q G is the quantile function of the baseline G distribution and W −1 is the negative branch of the Lambert W function (i.e., the solution of the equation W (z)e W (z) = z). For more details on Lambert W function, see Section 2 of Jodrá (2010). If U is a uniform random variable on the unit interval (0, 1), then
will be a LL-G random variable.
The rest of the paper is organized as follows. In Section 2, we present some new generated distributions. Shapes of the pdf and hazard rate function are given in Section 3. Some mathematical properties of the LL-G family is derived in Sections 4. Maximum likelihood estimation of the model parameters and the observed information matrix are presented in Section 5. In Section 6, an application of the LL-G family is illustrated using a real data set.. Finally, conclusions are given in Section 7.
Special LL-G distributions
In this section, we give some special models of the LL-G family of distributions.
The Log-lindley-normal (LL-N) distribution
If G(x) = Φ ((x − µ) /σ) and g(x) = φ ((x − µ) /σ) are the cdf and pdf of the normal N (µ, σ 2 ) distribution with parameters µ and σ 2 , respectively, where φ and Φ are the pdf and cdf of the standard normal distribution, respectively. Then, the LL-N density function is given by
The Log-lindley-Weibull (LL-W) distribution
The pdf of the LL-W distribution is defined from (2) by taking G(x) = 1 − e −αx β and g(x) = αβx β−1 e −αx β to be the cdf and pdf of the Weibull distribution respectively. Then, the LL-W density function is given for x > 0, by
Shapes
We can describe analytically the shapes of the density and hazard rate functions. The critical points of the pdf of the LL-G distribution are the roots of the following equation:
If x = x 0 is a root of (4) then it corresponds to a local maximum, a local minimum or a point of inflexion depending on whether
The critical points of the hazard rate function of the LL-G distribution are the roots of the following equation:
If x = x 0 is a root of (5) then it corresponds to a local maximum, a local minimum or a point of inflexion depending on whether
Mathematical properties
In this section, we present some properties of the LL-G distribution. If |z| < 1 and δ > 0 is a real non-integer, we have the following expansions:
By making use the previous expansions, we can obtain
where
is the pdf of the exponentiated-G (exp-G) distribution with power parameter i + 1. Equation (6) indicates that the LL-G density function is a linear combination of exp-G density functions. Therefore, some mathematical properties of the new model can be derived from those exp-G properties. For example, the ordinary and incomplete moments and moment-generating function. The rth moment of X ∼LL-G(a, b, θ), is
where Y i+1 ∼exp-G(i + 1). Nadarajah and Kotz (2006) gave the closed-form expressions for moments of several exp-G distributions.
The moment generating function of X, say M(t) = E e tX , is given by
The order statistics play an important role in reliability and life testing. Let X 1,n , . . . , X n,n denote the order statistics obtained from this sample. The pdf of X k,n is given by
Since 0 < F (x) < 1 for x > 0, by using the expansion (9) 
Maximum likelihood estimation
Let x 1 , . . . , x n be a random sample of size n from LL-G distributions with unknown r × 1 parameter vector ξ = (a, b, θ) T . The likelihood function is
Then, we obtain the log-likelihood function ℓ (ξ)
log g (x i ; θ)
The components of the score vector are given as follows
, and 
where ..
A real data application
In this section, the performance of the proposed family is illustrated by considering one real data set. This data set is given by Bjerkedal (1960) 
We estimate the model parameters of the distributions by the method of maximum likelihood. Table 1 lists the MLEs and the corresponding standard errors in parentheses of the model parameters.
To choose the best model, we use the maximized loglikelihood (−2 log (L)), Akaike information criterion (AIC), Consistent Akaike information criterion (CAIC), Bayesian information criterion (BIC) and Hannan-Quinn information criterion (HQIC):
where k is the number of the model parameters and n is the sample size. The better distribution to fit the data corresponds to smaller values of these criteria. Therefore, from Table 2 , we conclude that the LL-W distribution gives an excellent fit than the other models.
Conclusions
We have introduced a new generated family of distributions, called the LL-G family. We have presented some special cases. We have proved that the LL-G density function is a linear combination of exponentiated distributions which allow us to obtain its properties such as ordinary and incomplete moments, moment-generating function, mean deviations, Bonferroni and Lorenz curves, Rényi entropy and order statistics. The LL-G family parameters are estimated by maximum likelihood. An example to real data illustrate the performance of the proposed family. 
